This paper studies Aut A in the case in which A is an infinite abelian group and Aut A is finite. Information is obtained about the structure of Aut A including the description of a large normal subgroup. Aut A is completely characterized when it is abelian. Its order is determined when it is dihedral or generalized quaternion.
1. INTRODUCTION In a series of papers culminating in [ 9] Hallett and Hirsch have completely classified the finite groups that occur as the full automorphism groups of infinite torsion-free abelian groups. (see [4, Chap. XVI; 5-91 and also [lo] ). They are the subdirect products of cyclic groups of order 2, 4, or 6, the quaternion group of order 8, the dicyclic group of order 12, and the special linear group SL(2, 3) of order 24 that satisfy the following condition: if they contain an element of order 12, then they contain at least one element of order 2 that is not a sixth power. It seems that it would be difficult to extend this type of classification to a class of groups much larger than the torsion-free abelian groups. However, by restricting our attention to certain classes of finite groups we may be able to determine which members of those classes can arise as the automorphism groups of infinite groups. For example, de Vries and de Miranda [ 121 have determined the groups of order 8 or less that can be automorphism groups. In [ 1 ] we proved the following. THEOREM 1.1. There is an inJinite non-abelian group G with Aut G = A for (i) A=S, ifandonly ifn=4, (ii) A = D,, the dihedral group of order 28, if and only if n = 6, and there is no infinite non-abelian group G with Aut G = A for (iii) A cyclic, (iv) A a finite group with A = A', A/ZA a non-abelian simple group, and ZA a cyclic group, (v) A = A,,, the alternating group, (vi) A = Q,, the generalized quaternion group of order 2", n > 3.
In [2, 31 it was shown that an elementary abelian p-group may occur as the automorphism group of an infinite non-abelian group for any prime p (although there are certain restrictions on the ranks). In this paper we study various classes of finite groups and determine which members of these classes can be the automorphism groups of infinite abelian groups. Besides obtaining information about the structure of Aut A including the description of a large normal subgroup we will prove the following theorem. THEOREM 1.2. There is an infinite abelian group A with Aut A = G for (i) G a finite abelian group if and only tf G is of even order and is a direct product of cyclic groups of orders 2, 3, and 4 with the property that if G has an element of order 12 it also has an element of order 2 that is not a sixth power.
(ii) G = D,, the dihedral group of order 2n. if and only if n = 1, 2, or 6.
(iii) G = Q,, the generalized quaternion group of order 2", n > 3, if and only if n = 3.
There is never an infinite abelian group A with Aut A = G where (iv) there is no element of order 2 in ZG.
(v) G isjkite, G/ZG is a non-abelian simple group, and ZG is cyclic.
Notation.
C,: the cyclic group of order n, D,: the dihedral group of order 2n, Qn: the generalized quaternion group of order 2". n >, 3, ZG: the center of the group G, A 4 B: the split extension of the group A by the group B, -I,,: the automorphism of the abelian group A that sends x to -X.
STRUCTURE OF A AND Aut A
Suppose that A is an infinite abelian group and that Aut A is finite. A theorem of Nagrebeckii [ 111 asserts that in an infinite group with finitely many automorphisms the elements of finite order form a finite subgroup.
Hence, A = F @ T where T is finite and F is torsion-free and non-trivial. Since F has elements that are not of order 2. the automorphism x + --x has order 2. It is clear that this automorphism is also central in Aut A. Thus, the order of the center of Aut A is divisible by 2. This immediately eliminates many possibilities for Aut A. For example, Aut A can never be the symmetric group S, for n > 3. the alternating group A,, for n > 3, a finite simple group, or the dihedral group D, of order 2n where n is odd. This is in sharp contrast to finite abelian groups. For example, if Cy) is an elementary abelian 2-group of order 2", then Aut C'y) z PSL(n, 2) which is centerless and indeed simple for n > 3.
We will now investigate the structure of Aut A. Since A = F @ T we may represent Aut A as the group of matrices where a E Aut F, /3 E Aut T, and 0 E Hom(F, T). It remains to determine Hom(F, 7') and the action of Aut F and Aut T on Hom(F, 7'). We begin with the following result. Proof. If T,, = 0, then clearly Hom(F, r,) = 0. Suppose that Hom(F, T,) = 0. Since F/pF is an elementary abelian p-group, it follows that F = pF. Hence, the mapping x-r px is an automorphism of F of infinite order that extends to F @ T. This contradiction completes the proof.
Since T= 0, T,, we have Hom(F, 7') = 0, Hom(F, Tp). Let p" be the order of T,. Since F is torsion-free, F/p"F is a direct sum of cyclic groups of order p" and the number of summands is d(p), the dimension of F/pF over the integers module p. Since Hom(CPn, T,) 2 T,, we have where Aut T acts diagonally and -I, acts by imersion.
(ii) (Aut F 0 T)/H E Aut F/(-I, >.
In particular, if Aut F = Cl, then the subgroup H is all of Aut F @ T. The simplest case of this is when F = C,, an infinite cyclic group, and T = C,, a cyclic group of order n. For example, Aut C, 0 C, z C, @ C, and Aut C,m @ C, 2 C, 4 (CZ x C,) z D3 Q Cz = D,.
ABELIAN AUTOMORPHISM GROUPS
Suppose that Aut A is a finite abelian group. Consider first the case in which A = F is torsion-free. Then Aut A is a subdirect product of Hallett-Hirsch groups. Recall that G is a subdirect product of H, ,..., H, if there is a monomorphism 8: G + 17Hi such that Spj is an epimorphism where pj: lZHi -+ Hi is the canonical projection. Hence, Aut A can be a subdirect product only of abelian groups. The only abelian Hallett-Hirsch groups are CZ, C,, and C,. Aut A must also satisfy the condition that if it contains an element of order 12, it must also contain an element of order 2 that is not a sixth power. Clearly, any such subdirect product is an abelian automorphism group. Thus, if A is torsion-free and Aut A is a finite abelian group, then Aut A is a direct product of cyclic groups of order 2, 3, or 4 such that Aut A is of even order and such that if Aut A has an element of order 12, then it has an element of order 2 that is not a sixth power. Also, any such finite abelian group occurs as Aut A for some torsion-free A. Now suppose that T # 0. that is, suppose that A is not torsion-free. Since Aut A is abelian, Lemma 2.2 implies that Aut T acts trivially on T, that is. Aut T = 1. Hence, T = C,. This means that Aut A = Horn@. Cz) @ Aut F 2 C(zll' @ Aut F. But these are precisely the same abelian automorphism groups that arise for A torsion-free.
DIHEDRAL AUTOMORPHISM GROUPS
We let D, be the dihedral group of order 2n which may be generated by a and b subject to the relations 
QUATERNION AUTOMORPHISMS GROUPS
We will now consider the case Aut A = Q,,. n > 3, the generalized quaternion group of order 2". If T has more than two elements. then Aut T has an element of order 2. The sequence HOW. T> * Q,, +AutFxAutT implies that Q, has at least two elements of order 2, but this is impossible. If T = Cz, then Hom(F, T) has elements of order 2 which again is impossible. Hence, A is torsion-free. The Hallett-Hirsch classification now shows that tz = 3, and that there is a torsion-free group A with Aut A = Q1.
CENTRAL CYCLIC-BY-SIMPLE AUTOMORPHISM GROUPS
Suppose now that Aut A = G where G is finite. G/ZG is a non-abelian simple group. and ZG is cyclic. Since Hom(F. 7) is normal, it follows that Hom(F, 7) < ZG. Similarly, -I, lies in ZG. It follows that the group generated by --I,, and Hom(F, 7') is contained in the cyclic group ZG and splits over Hom(F, 7). Hence, Hom(F. T). and consequently. T, is trivial. Therefore, A is torsion-free and by the Hallett-Hirsch classification Aut A is solvable. This contradiction proves (v) of Theorem 1.2.
